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We present a detailed theoretical study of the molecular oxygen
trimer where the potential energy surfaces of the seven
multiplet states have been calculated by means of a pair
approximation with very accurate dimer ab initio potentials. In
order to obtain all the states a matrix representation of the
potential using the uncoupled spin representation has been
applied. The S ¼ 0 and S ¼ 1 states are nearly degenerate and
low-lying isomers appear for most multiplicities. A crucial point

in deciding the relative stabilities is the zero-point energy which
represents a sizable fraction of the electronic well-depth.
Therefore, we have performed accurate diffusion Monte Carlo
studies of the lowest state in each multiplicity. Analysis of the
wavefunction allows a deeper interpretation of the cluster
structures, finding that they are significantly floppy in most
cases.

Introduction

The structure, spectra and dynamics of weakly bound clusters
has been a fertile area of theoretical and experimental
research.[1] Even though weakly bounded clusters of varying
sizes have been studied, most of the detailed characterizations
both experimentally and theoretically have been performed on
the dimers. Furthermore, most of the detailed studies on
neutral trimers have relied on the infrared activity of the
monomers.[2,3] In this sense it is worth noticing that most of the
studies on neutral molecular oxygen clusters so far have
concentrated on the dimer,[4–15] the only exceptions we know
about are a theoretical study of large clusters[16] and Stern-
Gerlach studies[17,18] where only the total spin of the system is
determined. In the more recent study where dimer, trimer and
tetramer were analyzed they found a small deflection consistent
with singlet states; however, the authors point out that the
deflection is larger than the experimental error suggesting non-
zero spin states could be present. In the older study the authors
conclude that the dimer is paramagnetic in contradiction with
the more recent study and many other experimental and
theoretical studies.[4,6,8,9,11,13,15]

It is of interest to mention that molecular oxygen tetramer
units characterize the high pressure solid epsilon phase.[19,20]

This phase has several unique properties such as a magnetic
and volumetric collapse with increasing pressure.[21,22] In fact, a
simple model based on a tetramer interaction potential plus
pairwise interactions[23,24] can accurately reproduce the pressure
dependence of the structural parameters as measured exper-
imentally.

The aim of the present work is to take a first step in the
detailed theoretical characterization of the molecular oxygen
trimer and hopefully this will motivate associated experimental
work in the future. The fact that molecular oxygen has a spin
equal to one leads to a multiplet structure whose complexity
increases with the size of the cluster. Furthermore, the energy
differences among the different spin states are small and it is
common to observe surface crossings. These characteristics
make them particularly interesting for their magnetic and
vibronic properties.

In order to study clusters larger than the dimer we rely on a
pairwise approximation and highly accurate dimer potentials
for the three multiplets (S ¼ 0; 1; 2), that we developed in the
past.[10–12,25] In fact, this approach has already been applied by
us in the case of the trimer for the state of maximum
multiplicity[26] where it is clear that the dimer interaction
potential to be used is that of the quintet state. In that study
we showed that the three body effects for the maximum
multiplicity state (S ¼ 3) are very small and the pairwise
approximation thus very accurate.

Another challenge in the case of weakly bound clusters is
the accurate determination of the zero-point energy which
represents a sizable fraction of the electronic well depth.
Furthermore, the definition of structure becomes blurred due to
the presence of quasidegenerate isomers linked by small
energetic barriers. For example, in the case of the S ¼ 3 state
the zero-point energy represented roughly 20% of the
electronic well-depth and the ground vibrational wavefunction
sampled two different structures of C2 and D3 symmetry.[26]

Obviously, one has to go beyond the harmonic approximation
and use accurate diffusion Monte Carlo methods[27–31] or the
more accurate close-coupled equation treatment.[32]
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Methodology

Pairwise Additivity Approximation to the Interaction
Potential in the Oxygen Trimer

In this work we use the pairwise additivity approximation to
calculate the interaction potential energy for all the multiplet states
in the oxygen trimer. To do so, we construct the potential matrices
of the oxygen dimer in the coupled representation. These matrices
are diagonal, and their elements are the interaction potentials
obtained previously by our group[12,25] and then, by means of a
similarity transformation, change the basis to the uncoupled
representation, where block-diagonal matrices are obtained when
selecting the uncoupled basis set in a decreasing order of the spin
projection operator, Sz .

[13]

Once we obtained the interaction potential matrix of the dimer in
the uncoupled representation, we use its matrix elements to
construct the trimer matrix. We use Eq. 1 to obtain each matrix
element Vijk corresponding to the interaction potential in the trimer,
which is given by

V123 ¼ ms1;ms2 V12j jms1
0;ms2

0h i ms3jms3
0h i

þ ms1;ms3 V13j jms1
0;ms3

0h i ms2jms2
0h i

þ ms2;ms3 V23j jms2
0;ms3

0h i ms1jms1
0h i;

(1)

where msi is the projection of spin in the i-th monomer and Vij the
interaction potential in the i � j dimer.

There are 27 spin states for the oxygen trimer, and so is the
dimension of the interaction potential matrix. However, due to
degeneracies in the Ms components only 7 PES have to be
considered and we choose those with Ms ¼ 0 to shorten the matrix
from a 27-dimension to a 7-dimension one, considerably simplify-
ing analysis and calculations.

To assign the energies obtained for the trimer to each of its spin
states, we build a S2 matrix for the trimer in the uncoupled basis.
Once the interaction potential and the S2 matrices are diagonalized,
we can relate them via the eigenvectors. This is straightforward for
the non-degenerate spin states S ¼ 0 and S ¼ 3. For the (two)
quintet and (three) triplet states, this is accomplished by over-
lapping each S2 eigenvector with all the eigenvectors of the
potential energy. The overlap amongst states with different spin is
always zero. The non-zero overlaps correspond to states of the
same spin.

Optimization

Once we can determine the energy of each of the PESs, we obtain
stable structures using the conjugate gradient algorithm applied
previously to obtain the minima for the septet.[26] The energies
obtained are converged within hundredths of meV. Because there
are three triplet and two quintet PESs very close to each other in
energy, we choose to follow these spin-degenerate states adiabati-
cally due to the unclear definition of the highest overlap of
eigenvectors near intersection zones. For this reason, we only
report minima in the lowest lying PES for each of the spin-states. In
order to characterize the obtained structures, we perform a normal
mode analysis to ensure that the structures are true minima in the
PES. The normal mode analysis was programmed using a finite
difference method and truncated to second order approximation,
that is, considering only harmonic effects to obtain zero-point
energies (ZPE) for each of the minima.

To help us rationalize the structures found for the trimer, we
summarize in Table 1 the geometry and energies for the most
important stationary points, in all multiplet states, for the oxygen
dimer.[11,12]

The septet will be the easiest state to analyse because in the
pairwise approximation only the quintet potential for each of the
dimer states participates in the interaction, whilst for the rest of the
spin states in the trimer the pairwise potential is a linear
combination of the different spin states of the dimer.

Diffusion Monte Carlo (DMC) Calculations

The DMC method is used to obtain the quantum ground states of
the different spin multiplicities of the oxygen trimer, thus providing
accurate estimations of their ZPE beyond the harmonic approxima-
tion previously presented. In this approach, the time-dependent
Schrödinger equation is transformed into a diffusion equation by
changing the variable time, t, to a imaginary time, t ¼ it. The
diffusion equation is solved by a random walk method where the
wavefunction is represented by a set of N replicas (configurations
of the particles of the system) which, at each time step Δτ,
randomly translate according to the kinetic energy term of the
Hamiltonian and, in addition, multiply or disappear with a
probability depending on the potential energy term.[27] The system
ground state is then obtained from the longest lasting term
(t! ∞) of the propagated wavefunction. More details on the
method are given elsewhere.[27,28]

As the oxygen molecules are described as rigid rotors, we have
applied the DMC formulation for rigid rotors developed by Buch
and coworkers.[29,30] The rotational motion of the replicas is carried
out by randomly choosing a vector describing the angle and axis of
rotation with a probability related to Dt and the values of the
moments of inertia of the rotor. Another feature of the present
application is that different DMC computations are carried out
associated to the different spin multiplicities (S ¼ 0; 1; 2 and 3).
We have proceeded similarly as just described above, specifically,
eigenstates of Eq. 1 are computed at each Δτ and for every replica,
and the desired potential energy value is determined looking for
maximum overlaps with the eigenstates of S2. As mentioned above,
this is straightforward for the nondegenerate singlet and septet
states. For the other cases (three S ¼ 1 and two S ¼ 2 states) we
have followed an adiabatic criterion, i. e., the eigenstates of the
potential with non-zero overlap with these spin states are identified
and the potential energy is assigned to the one having the lowest
eigenvalue.

Table 1. Equilibrium geometries for the dimer using Jacobi coordinates.
Intermolecular distances in Å and angles in degrees.

E(meV) geometry

R(Å) θa θb ϕ

S=0 X � 17.3 3.27 90.0 90.0 90.0

H � 32.3 2.94 90.0 90.0 0.0

S=1 X � 17.0 3.27 90.0 90.0 90.0

H � 22.2 3.14 90.0 90.0 0.0

X � 16.3 3.29 90.0 90.0 90.0

S=2 H � 13.7 3.43 90.0 90.0 0.0

S � 15.7 3.43 72.0 72.0 0.0
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In practice, we have used the code developed by Sandler and
Buch,[31] previously employed in calculations of the (O2)3 septet
state[26] as well as in studies of He or H2 clusters doped with atomic
ions.[33–35] For each value of the total spin, we have performed
calculations using N=104 replicas, initially built from a Gaussian
distribution centered on the minima structures previously obtained.
An initial propagation up to tmax ¼5�10

5 a.u. was carried out using
a large time step (Dt =100 a.u.) to explore the configuration space
and reach an initial stabilization of the energy, which is followed by
three successive propagations using ever shorter time steps. The
ground state energy was estimated by averaging over half of the
propagation using the shortest time step (Dt=12.5 a.u.). For each
spin, six independent runs were carried out from which an average
energy and a standard deviation was obtained. It has been checked
that these energies are well converged with respect to the number
of replicas, time step and number of runs. Moreover, we have run
test calculations starting with a distribution of replicas centered
around different minima of a given spin state (e.g., the three
minima of S=1 in Table 4) and have checked that all simulations
converge to the same energy, i. e., the ground state energy. Finally,
probability distributions over the configurational space were
obtained by means of the descendant weighting algorithm,[28] using
eight generations for each DMC run, from which a reasonable
estimation of the squared wavefunction is obtained.[30]

Results and Discussion

Stable Structures for the (O2)3 Cluster

We now present all the minima found for each of the different
spin states.

Table 2 shows the properties of the stable structures of the
septet, represented in Figure 1. Minimum I is a contribution of
three S-geometry quintet pair interactions, with very small
deviations from the S stationary point in the dimer for the S=2
state. Minimum II is very similar in energy to minimum I, but
with higher symmetry. Minimum III is a structure which tries as
far as possible to arrange the pairs of monomers in an X
configuration, which is the global minimum for the dimer in its
highest multiplicity state. We reproduce exactly the results
obtained previously by our group,[26] confirming the validity of
our new method.

For the quintet state we found two minima, illustrated in
Figure 2 and described in Table 3. Structure I of the quintet is of
lower energy than all the minima found for the state of
maximum spin multiplicity. This can be explained by the
geometry of the pairs in the cluster. One interaction is given in
H geometry, the one preferred by states S ¼ 0; 1 in the dimer,
with R almost the value of the minimum for the triplet
interaction. Besides, it is more stable than the minimum in X for
the S ¼ 2 state of the dimer. This pairs gives the trimer a Cs
geometry. We can observe that structure II is very similar in
shape and energy to structure III of the septet, the former being
slightly more stable.

We found three minima in the lowest lying PES for the
triplets. These are characterized in Table 4 and depicted in
Figure 3. Structures I and II are very similar in energy, but
present different geometry. Still, the pairwise interactions are
almost given in H geometry in addition to a small torsional
angle in the case of minimum I, which allows the monomers to
be closer to each other. Minimum II stands out for its very
symmetric pairwise contributions. All are given in H geometry
and only the value of R changes for one of the pairs, giving this
structure a C2v symmetry. For the first two pairs R is 3.30 Å, a
value between the ones for the triplet and quintet minima in

Table 2. Equilibrium structures found for the (O2)3 septet.

Symmetry E(meV) pairwise contributions

R(Å) θa θb ϕ

3.43 72.2 72.2 18.2

I C2 � 46.83 3.42 73.5 73.5 19.3

3.42 106.5 106.5 19.3

3.39 102.8 77.1 133.5

II D3 � 46.22 3.39 77.1 77.1 46.5

3.39 77.2 102.8 133.4

3.30 90.0 92.4 90.0

III C2v � 42.65 3.30 90.0 92.4 90.0

4.18 36.8 143.2 0.0

Figure 1. Stable structures for the septet state of the (O2)3.

Figure 2. Stable structures for the quintet state of the (O2)3.

Table 3. Equilibrium structures found for the (O2)3 quintet.

Symmetry E(meV) pairwise contributions

R(Å) θa θb ϕ

3.13 90.0 90.0 0.0

I Cs � 54.07 3.41 105.1 105.1 0.0

3.41 105.1 105.1 0.0

3.30 90.0 91.8 90.0

II C2v � 44.34 3.30 90.0 91.8 90.0

4.11 36.8 143.2 0.0
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the dimer, amongst which the triplet is the most stable one,
and the other is 2.92 Å, the minimum for the singlet. This seems
to indicate that this structure is conformed mainly by contribu-
tions of the triplet and singlet states in the dimer.

Once more, we found a structure, minimum III, very similar
to minimum III in the septet and II in the quintet. It is notorious
that even though the energy in this geometry decreases with
the spin, it is still very similar in all the states, with differences

of less than 1 meV. Also, this is the highest energy structure
found for each of the spin states.

Only one minimum corresponding to the singlet state was
found. Table 5 and Figure 4 show this result. The structure is
highly symmetric, belonging to the D3h point group and is the
most stable structure, considering only the electronic energy,
amongst all spin states with a potential interaction energy of
� 67.15 meV.

All the pairwise interactions correspond to equivalent H
configurations in the dimer, with R ¼ 3:13 Å. This distance is
almost exactly the one for the minimum of the triplet state in
the dimer. Recalling that the H configuration is a minimum for
the oxygen dimer in the singlet and triplet spin states, the
minimum found for the trimer is expected in the sense that it
mimics the local structure in all the pair contributions that is a
minimum for low spin states, increasing the stability of the
cluster.

Zero-Point Energies

In addition to the calculated potential well energies, we
considered the contribution of the zero-point energy to the
potential interaction in the harmonic approximation. The results
are shown in Table 6. It is evident that the ZPE accounts for a
significant percentage of the interaction potential well. An
important consequence is that the stability order among the
minima found for the different spin states is inverted in the
case of states I and II of the triplet and the singlet. Also, the
differences in energy between the minima both among same
and different spin states decreases compared to the ones
considering only the energy of the well. This is a remarkable
result, highlighting the importance of ZPE effects in van der
Waals complexes. It is well-known that anharmonic effects are
large in weakly bounded systems, furthermore, they can be
floppy. For this reason, we decided to perform highly accurate
DMC calculations of the ZPE.

Table 4. Equilibrium structures found for the (O2)3 triplet.

Symmetry E(meV) pairwise contributions

R(Å) θa θb ϕ

3.05 88.7 89.6 6.9

I C2 � 66.92 3.05 91.3 90.4 7.0

3.42 97.6 97.6 9.4

3.30 90.0 90.0 0.0

II C2v � 66.52 3.30 90.0 90.0 0.0

2.92 90.0 90.0 0.0

3.30 90.0 91.2 90.0

III C2v � 45.51 3.30 90.0 91.2 90.0

4.08 37.0 143.0 0.0

Figure 3. Stable structures for the triplet state of the (O2)3.

Table 5. Equilibrium structure found for the (O2)3 singlet.

Symmetry E(meV) pairwise contributions

R(Å) θa θb ϕ

3.13 90.0 90.0 0.0

I D3h � 67.15 3.13 90.0 90.0 0.0

3.13 90.0 90.0 0.0

Figure 4. Stable structure for the singlet state of the (O2)3.

Table 6. Potential well energies (E), zero-point energies (ZPE) and
corrected energies for the minima in the (O2)3 cluster within the harmonic
approximation (Ec). DMC energies of the different spin states of (O2)3
obtained as the average of a set of six independent calculations (EDMC ). The
standard deviation of the set is given in brackets and refer to the last
decimal place.

Spin Structure E(meV) ZPE(meV) Ec(meV) EDMC (meV)

I � 46.83 17.53 � 29.30 � 32.05(1)

3 II � 46.22 16.66 � 29.56

III � 42.65 13.76 � 28.89

2 I � 54.07 21.55 � 32.52 � 36.57(3)

II � 44.34 14.73 � 29.61

I � 66.92 28.46 � 38.46 � 42.40(3)

1 II � 66.52 27.45 � 39.07

III � 45.51 15.00 � 30.51

0 I � 67.15 30.44 � 36.71 � 40.15(2)
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DMC Bound States

DMC ground state energies of the different spin states of (O2)3
are gathered in Table 6. By comparison of these energies with
the ones obtained within the harmonic approximation (the
lowest harmonic energies for each S in Table 6), it can be seen
that anharmonicity causes a significant lowering of the ground
energy levels (in absolute value, harmonic binding energies are
about 10% smaller than the DMC ones). On the other hand, the
sequence of ground states for the various multiplicities does
agree with the estimations based in the harmonic approxima-
tions, i. e., the lowest energy of the complex corresponds to the
triplet state, followed by the singlet, quintet and septet states.
Note that the lowest energy, based on the minima of the PESs,
corresponds to the singlet state (� 67.15 meV) closely followed
by that of the triplet state (� 66.92 meV). The inversion of this
order in the quantum calculations must be due to a looser
shape of the triplet PES around the minima, accordingly to its
smaller ZPE as compared with the singlet one.

More insight into the ground states of the different multi-
plicities is gained from pictures of their probability distributions,
shown in Figure 5.

The bottom panels (d1, d2, d3) correspond to the singlet
state distributions as functions of the three intermolecular
distances Rij (d1), the angles formed between the intramolecular
axes with the vector perpendicular to the triangle formed by
the O2 centers of mass (CM), ϕi (d2), and with each median of
that triangle, βi (d3). It is seen that the distribution is peaked
around ϕi=0, i. e. all O2 axes are perpendicular to the complex
plane and that, consistently, the most probable values of βi are
close to p=2. For comparison with the equilibrium structures of
the cluster, Table 7 shows the values of these angles for all the
minima and multiplicities.

The angular distributions, together with the fact that the
three radial distributions are identical, leads us to conclude that
the singlet state resembles quite well the equilibrium geometry
of the complex (Table 5). Note, however, the role of anharmo-
nicity that shifts the maximum of the radial distributions to

�3.4 Å, larger than 3.13 Å, the value expected within the
harmonic approximation.

Analysis of the probability distributions of the other multi-
plicities is more complex, mainly due to the existence of various
equivalent minima in the corresponding PESs resulting from
permutations of the molecules. For example, the structure I of
the triplet PES (Table 4), with intermolecular distances R12=

R13=3.05 and R23=3.42 Å, leads, after a 1 $2 exchange, to a
different point of the PES with R12=R23=3.05 and R13=3.42 Å.
For these situations it is very convenient the use of hyper-
spherical coordinates which treat in an equivalent manner all
channels/minima due to particle exchange.[36,37] In the present
study we describe the position of the CMs of the molecules by
means of the hyperradius and two hyperangles[37]

1 ¼ bQ2 þ bq2
� �1=2

;

tanV ¼

bQ2 þ bq2
� �2

þ 2bQ2 � bq2
� �2h i1=2

2bQbq sin q
;

tan 2cð Þ ¼
2bQ2 � bq2

bQ2 � bq2
;

(2)

where Q̂ and q̂ are mass-scaled Jacobi coordinates, Q̂ ¼ dQ
and q̂ ¼ q=d, d ¼ 2=

ffiffiffi
3
p

being the scaling factor and Q and q,
the Jacobi coordinates for a chosen arrangement (for instance,
q is the vector joining molecules 1 and 2, and Q, the vector
joining molecule 3 with the CM of molecules 1 and 2). The
hyperradius 1 and the hyperangles Θ and χ describe the size
and shape of the triangle formed by the three molecules,
respectively. In particular, χ enables to distinguish the regions
of the PES that are related by particle exchange.

An illustration of the dependence of triplet PES with the
hyperangles is presented in the right panel of Figure 6. For
every value of V; cð Þ, the potential energy has been minimized
with respect to 1 (the intramolecular axes were kept perpendic-
ularly to the cluster plane to ease the computations). It can be
seen that, along most of the Figure, the PES takes quite low

Table 7. Equilibrium values of the internal angles ϕi and βi for each of the i-th O2 monomers in the trimer’s minima. ϕ represents the angle formed between
the intramolecular vector of each of the molecules with the vector perpendicular to the plane containing the three centers of mass of the molecules (CM). β
is defined as the angle between the intramolecular axes and the vector pointing from the center of mass of the cluster to the center of mass of the
monomer (median).

Spin Structure ϕ1 ϕ2 ϕ3 β1 β2 β3

I 19.9 19.9 34.5 109.9 70.1 90.0

3 II 26.4 153.5 26.3 90.1 90.1 90.0

III 180.0 90.0 90.0 90.0 121.0 121.0

2 I 17.1 17.1 17.1 80.9 80.9 107.1

II 0.0 90.0 90.0 90.0 120.5 120.5

I 2.4 8.9 8.9 90.0 85.3 94.7

1 II 0.0 0.0 0.0 90.0 90.0 90.0

III 0.0 90.0 90.0 90.0 120.0 120.0

0 I 0.0 0.0 0.0 90.0 90.0 90.0
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values of the energy (below � 50 meV) and that around
V=pð Þ � 0.05, it is very shallow for all values of χ. As expected
from these features, it is found that the ground state DMC
wavefunction covers all the range of χ and most of values of Θ
shown in the Figure, in other words, that the triplet ground
state is extremely floppy.

Interestingly, if the wavefunction is examined for restricted
ranges of χ, its distributions can be connected with the local
minima found in the study of the PES (Table 4). For example,
the radial distributions within the range � 3/12� c=p �� 1/12
are depicted in the lower-left panel of Figure 6. There are two
identical distributions (R12 and R13) peaked around 3.3 Å and

Figure 5. Histograms of the probability distributions of the ground states of the septet (a1, a2, a3), quintet (b1, b2, b3), triplet (c1, c2, c3) and singlet (d1, d2,
d3) states of the oxygen trimer, as obtained from the DMC calculations. Left column (a1, b1, c1, d1): Probability densities as functions of the distances
between every pair of molecules [(i; j)= (1,2), (1,3) and (2,3)]. Central column (a2, b2, c2, d2): Probability distributions as functions of the cosine of the angle
formed between the intramolecular axis of each molecule (i=1, 2, and 3) and the axis perpendicular to the plane formed by the CMs of the molecules. Right
column (a3, b3, c3, d3): Probability densities as functions of the cosine of the angles formed between the molecules axes (i=1, 2, and 3) and the vector
pointing from the CM of the complex to the CM of each molecule (median of the triangle formed by the molecules). See text for discussion.
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another one (R23) around 3.6 Å; this is so because they sit
around the minimum structure I of the PES. Anagolously, when
resticting to the range 3/12� c=p �5/12, the R12 and R13
distributions (upper-left panel of Figure 6) have their maxima
around 3.5 Å, and the R23 one, around 3.2 Å, showing that the
wavefunction also spans the minimum structure II of the PES.
Radial distributions along other regions of the χ hyperangle are
like the ones depicted for the different labelings corresponding
to the permutation of the molecules. In summary, the triplet
wavefunction spans both I and II structures as well as their
equivalent minima, without signature of barriers between the
different basins. As a consequence, the radial distributions of
the complete wavefunction (c1 of Figure 5) are identical for all
the intermolecular distances and wider than those of the singlet
state. The distributions for the angles ϕi and βi (c2 and c3 of
Figure 5) do resemble the ones of the singlet state.

An analogous analysis, based on hyperspherical coordinates,
has been carried out for the quintet and septet wavefunctions.
First, it is found that the quintet state evenly extends over all
the equivalent minima of structure I of Table 3, including the
regions between them. The resulting distribution of distances is
quite similar to the triplet one, shifted to somewhat larger
distances (b1 of Figure 5). The angular distributions (b2 and b3
of Figure 5) are similar but a bit more delocalized than the
singlet and triplet ones. No signature of probability density has
been observed around the geometry corresponding to struc-
ture II: indeed, no probability is found for the molecular axes
being paralell to the cluster plane (�i � p=2) as should be if the
state extended across structure II. Finally, it is found that the

septet wavefunction extends over both structures I and II of
Table 2 and their equivalent minima. The angular distributions
(a2 and a3 of Figure 5) are wider than the ones of other
multiplicities and a small but non negligible probability for ϕi
close to π/2, suggest that the wavefunction may, in a minor
extent, span geometries close to structure III.

Summary and Conclusions

We have applied a general method based on the uncoupled
spin representation to calculate the multiplet structure of the
molecular oxygen trimer using a pairwise approximation and
highly accurate pair potentials. At the purely electronic level the
ground state of the system is predicted to be a singlet with D3h

symmetry; however, there are two triplets which are nearly
degenerate, within only a few tenths of meV. The rest of states
follow a monotonous increase in energy with the total spin.
This is analogous to the case of the dimer and can be related
with the dominance of antiferromagnetic couplings. Addition of
ZPE using the harmonic approximation interchanges the S ¼ 0
and the S ¼ 1 states, so that now the ground state is predicted
to be a triplet. Again, the quasidegeneracy with the S ¼ 0 state
remains but the energy difference is now of the order of a
couple of meV.

An accurate treatment of the vibrational motion using DMC
confirms that the energy ordering for the S ¼ 0 and S ¼ 1 states
changes when including zero-point energies but the states
remain quasi-degenerate. In this sense it is worth mentioning

Figure 6. Right panel: S ¼ 1 PES as a function of the hyperangles Θ and χ (Eq. 2); contours are at � 66.5 (red), � 65 (dark blue), � 62.5 (yellow), � 60 (orange),
� 55 (light blue) and � 50 meV (green). Left panel: histograms of the probability densities vs. intermolecular distances for the part of the triplet DMC ground
state fulfilling that c=p 2 3=12; 5=12½ Þ (top) or c=p 2 � 3=12; � 1=12½ Þ(bottom). See text for details and discussion.
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that the previous Stern-Gerlach study[18] was consistent with the
presence of both types of states although it favored the singlet
state. An accurate treatment of this difficult problem should
include three-body corrections to the potentials and a new
determination of the associated zero-point energies. A detailed
analysis of the DMC wavefunctions indicates that for the non-
zero spin states in the ground vibrational state all the permuta-
tionally equivalent minima are explored; however, it is still
possible to assign which structures or isomers are sampled and
which are not.
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The dependence of the triplet PES
with the hyperangles is used to
interpret the ground state DMC wave-
function, revealing it to be very
floppy. When restricted ranges are
analysed, the distributions connect
with the local minima of C2v and C2
symmetries. On the contrary, the vi-
brationally averaged structures are
consistent with an equilateral triangle
due to permutational symmetry.
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