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RESUMEN 

Este artículo explora los fundamentos de Deep Learning mediante el seguimiento, en un
simple  modelo  de  Redes  Neuronales  de  la  función  XOR,  de  las  señales  en  forward  y
backward  que  fluyen  a  través  de  este  modelo.  Nuestro  objetivo  es  alcanzar  una
comprensión más profunda de algunos conceptos sobresalientes de Deep Learning, lo
que nos permitiría comprender su significado mientras el modelo de Redes Neuronales
de la función XOR es entrenado por el algoritmo Retropropagación. El modelo elegido
contiene una sola capa oculta con cuatro neuronas y una capa de salida con una neurona.
Aunque este modelo no es una red neuronal profunda, su capa oculta lleva los conceptos
suficientes de Deep Learning. Se utiliza la sigmoidea como función de activación en todas
las neuronas. Se presenta una derivación de una versión simple del algoritmo Gradiente
Descendente  Estocástico,  que  se  usa  para  minimizar  el  error  de  salida,  y  luego  al
retropropagarlo  llegamos  al  algoritmo  de  retropropagación.  Se  presentan  resultados
numéricos, que muestran la convergencia del error de salida y el de un peso seleccionado
y su análisis resume la comprensión de los conceptos fundamentales de Deep Learning.
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ABSTRACT  

This paper explores the fundamentals of  Deep Learning by searching a simple Neural
Network  model  of  the  XOR  function  for  the  forward  and  backward  signals  flowing
through this model. Our purpose is to reach a deeper understanding of some outstanding
concepts of Deep Learning, which would enable us to get the significance of it while the
Neural Network model of the XOR function is trained by the backpropagation algorithm.
The chosen Neural Network model contains just one hidden layer with four neurons and
an output layer with one neuron. Although this model is not a deep neural network, its
hidden layer carries the enough concepts of Deep Learning. The sigmoid is used as the
activation  function  in  all  neurons.  A  derivation  of  a  simple  version  of  the Stochastic
Gradient Descent algorithm is presented, which is used to minimize the output error, and
then  by  backpropagating  it  we  come  to  the  back-propagation  algorithm.  Numerical
results are presented, which shows the convergence of the output error and that of a
selected  weight  and  their  analysis  summarize  the  understanding  of  the  fundamental
concepts of Deep Learning.
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1. INTRODUCTION

Of  Boolean  functions  of  two  inputs,  XOR
poses any difficulty. That is, the construction of
neural networks that learn to compute such a
function  has  been  a  challenge.  The  ability  to
compute XOR has been used as a test of variants
of  standard  algorithms.  Minsky  and  Papert
(1969)  [1] pointed out that “the computer is so
much more than the sum of its parts and that
we cannot ignore the nature of the components
and consider only their connectivity”. In the NN
model of the XOR we will  be dealing with, we
consider the nature of the non-linear operation
that take place inside the core of the neuron. As
it will be shown later, the sigmoid φ is used as a
forward  filter  and  its  derivative  φ’ as  a
backward symmetric low pass filter. There have
been many contributions to the field of neural
network  (NN)  that  lead  to  what  we  know  as
deep  learning  algorithms  [1]-[6].  We  present
next  the  most  remarkable  ideas  of  these
contributions. The first mathematical model of a
neuron was introduced in 1943 by W. McCulloch
and W. Pitts  [2],  which consists of a weighted
sum of  input  signals  and  its  comparison  to  a
threshold  to  deliver  an  output;  the  weight  in
this  model  were  adjusted  manually.  A
remarkable  achievement  is  the  perceptron
introduced  in  1958  by  Frank  Rosenblatt  [3],
which  was  the  first  neuron  model  to  be
described  algorithmically.  Another  great
advance  in  training  a  NN  model  was  the
backpropagation  algorithm introduced  in  1986
by D.E. Rumelhart, G.E. Hinton, and R.J. Williams
[4],[5],  which led to Deep Learning algorithms
introduced in 2006 by G. E. Hinton, S. Osindero
and Yee-Whye Teh [6].

The contribution of this work is to provide the
reader  a  deeper  understanding  of  some
outstanding concepts of Deep Learning as it is
known today. To present such concepts we have
chosen the Neural Network (NN) model of the
XOR function as it  is  introduced in  [7],  which
involves  just  one  hidden  layer.  Although  this
model is not a deep neural network, its hidden
layer  carries  the  enough  concepts  of  Deep
Learning.  Our hope is  that  understanding  the
role  of  the  forward  and  backward  signals
flowing  through  this  model  will  enable  us  to
appreciate the significance of Deep Learning. A
derivation of a simple version of the Stochastic
Gradient Descent (SGD) algorithm [7],  [8],  [9] is

presented in section 2 to train the output layer
of  the  NN  model  Of  the  XOR  function  by
minimizing  its  output  error.  Then  by
backpropagating the output error we will come
to  the  backpropagation  algorithm,  which  is
presented in section 3. Numeric and graphical
results of the convergence of the output error
and  of  a  weight  are  presented  in  section  4.
Future  works  are  presented  in  section  5  and
conclusions in section 6.

2. SGD FOR TRAINING A NN MODEL OF THE
XOR FUNCTION 

In  this  section  a  simple  SGD  algorithm  is
derived for minimizing the output error of a NN
model  of  the  XOR function.  The aim of  using
this model is its simplicity. It contains just one
hidden layer with four neurons and an output
layer with one neuron. We present an electronic
representation of the XOR function and next a
NN model. 

2.1. Electronic representation of the XOR 
function

The  XOR  is  a  digital  function
x1 XOR x2=x1 x2+x 1 x2 that  gives  a  true  output
when  the  values  of  both  inputs  x1 , x2 are
different  and  a  false  if  both  input  values  are
equal. The true table of the XOR function and an
electronic representation are shown in Figure 1. 

Figure 1: True table and an electronic representation of
the XOR function.

2.2 Neural Network representation of the XOR 
function

The aim of  this  section  is  to  present  a  NN
model  for  the  XOR  function.  We will  use  the
structure of a NN proposed by Kim (2017) [7], as
it is shown in Figure 2. This model consists of
one  hidden  layer  with  four  neurons  and  an
output  layer  with  one  neuron.  The  sigmoid
function is used as the activation function in all
neurons.  Notice  that  input  x1 , x2 , x3 and  the
target output d  are known while the output y1

(2)

is computed and it is hoped that  y1
(2)→d. Since
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the input  x1 , x2, x3 and the target output  d  are
known, the training process is called supervised
learning. The input x3, called the bias, is set to 1. 

Figure 2: (a) A NN model of the XOR function, which
consists of three input nodes with digital inputs

x1 , x2 , x3 and a single output node with output y1
(2)

 [10].
(b) The true table of the XOR, which includes the bias x3

and the target output d .

2.3 Learning problem formulation of the XOR 
function

Assume the  following  quantities  are  known:
The inputs x1 , x2 , x3 and the target output d . The
initial  values  of  weights  of  the  hidden  layer
w kj

(1) , j={1,2,3}; k={1,2,3,4 } and that of the output
layer  w1 , k

(1) , k={1,2,3,4}.  Given the data  x1 , x2 , x3,
the target output  d ,  and the initial  wights  w kj

(1)

and w1 , k
(1)  of the hidden layer and the output layer

respectively, the problem we want to solve is to
optimally  adjust  the  wights  w kj

(1) and  w 1 , k
(1)  by

means of the Backpropagation algorithm. 

2.4  SGD  algorithm  to  minimize  the  output
error

The weights  w1 , k
(1)  of the output layer may be

adjusted minimizing the output error by means
the Stochastic Gradient Descent method (SGD).
The output error is shown in the output neuron
of  Figure  3  and  is  defined  as  the  difference

between the target output d  and the computed
output y1

(2 ), that is e j
(2 )

=(d j− y1
(2) ) , j={1,2,3,4 }. 

Figure 3: Definition of the output error e j
(2 ).

In  order  to  determine  the  optimal  weights
w 1 , k

(2)  of  the output layer,  an energy function is
proposed  to  be  minimized  in  terms  on  the
output error e j(2 )

=(d j− y1
(2) ) , j={1,2,3,4 }. The proposed

energy  function  is  specified  as  the  following
quadratic form:

E≡
1
2

( e j
(2) )

2
=
1
2

(d j− y1
(2) )

2

(1)

where
 

y 1
(2)

=
1

1+e−v1
( 2) (2)

v 1
(2)

=w11
(2 ) y1

(1)
+w12

(2 ) y 2
(1)

+w13
(2) y 3

(1)
+w14

(2) y4
(1) (3)

Since  E depends  on  each  weight
w1k

(2 ), k={1,2,… ,4}, it may be minimized with respect
to it. For illustration purpose and simplicity, let
us derive E only with respect to each weigh w 1k

(2 )

of the output layer for some fixed target output
d j , j∈{1,2,3,4}: 

∂ E
∂ w1k

(2)
=

∂
∂ w1k

(2)(
1
2

( d j−y1
(2))

2

)=
1
2

∂
∂ w1k

(2)
(d j−y1

(2) )
2

(4)

=( d j− y1
(2 ))

∂

∂w1k
(2 ) (d j− y 1

(2) )

=−e j
(2) ∂

∂w1k
(2 ) ( y1

(2) )=−e j
(2 )(
∂ y1

(2 )

∂ v1
(2) )

∂ v1
(2)

∂w1k
(2 )

=−e j
(2)(
∂ y1

(2)

∂ v1
(2) )
∂ v1

(2)

∂w1k
(2)

In Appendix A the derivatives of the sigmoid
y1

(2) and the function v1
(2) are determined as (A.1)

and (A.2) respectively and are written as follows:

(
∂ y 1

(2)

∂ v1
(2 ) )= y 1(2) (1− y1(2 )) (5)

∂ v1
(2)

∂w1k
(2)= yk

(1 ) (6)

Using results (5) and (6) in (4), we finally have:
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∂ E

∂w1k
(2)=−e j

(2)
y1

(2 )(1− y1
(2) ) y k

(1)
(7)

2.5.  Recursive  computation of  the  weights  of
the output layer

We will focus our analysis to the weight of the
output layer. Notice that we can compute these
weights  because  we are  able  to  minimize  the
output  error.  During  this  minimization,  errors
associated  to  the  hidden  layer  are  formed,
which  will  enable  us  to  also  compute  their
weights.  Given  a  current  known  weight  w 1k

(2)

(connecting a neuron  k  of the hidden layer to
the output neuron 1) of the output layer (2), the
SGD  method  improve  recursively  the  given
weight as follows: 

w 1k
(2 )

=w1k
(2)

+∆w1 k
(2), k={1,2,3,4 } (8)

The delta rule for modifying the weights  w1k
(2)

of the output layer is specified as follows:
 

∆ w1k
(2 )

=−α
∂ E

∂w 1k
(2) , α∈(0,1 ]  the step length 

(9)=−α(−e j
(2 )
y1

(2)
(1− y1

(2 )
) yk

(1 ))
=α e j

(2) y1
(2 ) (1− y 1

(2) ) yk
(1 )

=α δ1
(2) y k

(1) , k={1,2,3,4}

The delta function in the core of the output
neuron of the output layer (2):
 

δ 1
(2)

=e j
(2) y1

(2 ) (1− y 1
(2) ) (10)

carries the output error e j(2 ), which cross through
a  low  pass  filter  defined  by  the  derivative
y 1

(2) (1− y1
(2 ) ) of  the  sigmoid,  as  it  is  illustrated  in

Figure 4. 

3. BACKPROPAGATION ALGORITHM 

The backpropagation algorithm is the method
to efficiently  train  a deep NN and teach it  to
learn from its errors [11]. As it was shown in the
previous sections, the knowledge of the output
error enables us to compute only the weights of
the  output  layer.  The  idea  behind  the
backpropagation algorithm is to back propagate
the output error through the hidden layers to
have errors for each of them. Once these errors
are available,  we may compute the weights of
the  hidden  layers.  Figure  5  shows  three  key
quantities  y , e and  δ  that  flows  through  the
layers. We will show later that these quantities
affect the computation of all the weights of the
NN.

Figure 4: Output layer showing the formation of the
delta function δ1

(2)
.

y Forward variable - output of each neuron
e Error – backpropagated 
δ Backward variable – Delta function

The weights and delta function of the output
layer are determined by these quantities: 

w1k
(2 )

=w1k
(2)

+α δ1
(2 ) yk

(1), k={1,2,3,4}

δ 1
(2)

=e j
(2) y1

(2 ) (1− y 1
(2) ), for some j∈{1,2,3,4}

(11)
(12)

Figure 5: Backpropagation of the errors and delta
functions through layers.

 

Backpropagation of  the error: In Figure 5 we
observe  that  the  errors  back  entering  the
hidden  layer  may  be  determined  considering
the behavior of a dendrite. That is, the output of
a dendrite is the input it receives δ1

(2) multiplied
by its weight w1k

(2), that is: ek(1 )=w1k(2)δ 1(2 ), k={1,2,3,4}: 

e1
(1 )

=w 11
(2)δ1

(2)   e2
(1 )

=w12
(2)δ1

(2)

e3
(1 )

=w13
(2)δ1

(2)   e4
(1 )

=w14
(2)δ1

(2)

(13)

Delta function in the hidden layer: Recall that
the  delta  function  in  the  output  neuron  is
determined  by  passing  the  output  error  e j

(2 )

through  the  symmetric  low  pass  filter
y1

(2)
(1−y1

( 2)
),  obtaining  δ1

(2)
=e j

(2) y1
(2 )

(1−y1
(2)

).  In the
same way, errors  e k

(1 ) ,k={1,2,3,4} in the hidden
layer  crossing  through  their  corresponding
filters  yk

(1)
(1−y k

(1 )
), k={1,2,3,4} should produce a
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delta function in the core of each neuron of this
layer:

δ 4
(1)

= y4
(1)

(1− y4
(1 )

)e4
(1)   δ3

(1)
= y3

(1)
(1− y 3

(1 )
)e3

(1)

δ2
(1)

= y2
(1)

(1− y2
(1 )

)e2
(1)   δ1

(1)
= y1

(1)
(1− y1

(1 )
)e1

(1) (14)

Weights  of  the  output  layer: Using  the  delta
function  δ1

(2) of the output neuron, the weights
w 1k

(2) , k={1,2,3,4 } of  the  output  layer  may  be
adjusted  according  to  the  following  learning
rule:  w1k

(2)
=w1k

(2)
+α δ 1

(2 ) y k
(1) , k={1,2,3,4 } and  α∈(0,1 ]

as it was shown in (1) and (12), that is:

w 14
(2)

=w14
(2)

+α δ 1
(2 ) y 4

(1)    w 13
(2)

=w13
(2)

+α δ 1
(2 ) y 3

(1)

w12
(2)

=w12
(2)

+α δ 1
(2 ) y2

(1)    w11
(2)

=w11
(2)

+α δ 1
(2 ) y1

(1) (15)

A  1× 4 vector of weights of the output layer
may be constructed as follows: 

W 2=[w11
(2) w12

(2) w13
(2 ) w14

(2 )] (16)

Weights  of  the  hidden  layer: Similarly,  using
the delta function given in (14) δk

(1) , k={1,2,3,4} of
each  neuron  of  the  hidden  layer,  the  weights
w jk

(2) , j={1,2,3}; k={1,2,3,4 } may  be  adjusted
according  to  the  following  learning  rule:
w jk

(1)
=w jk

(1)
+α δ k

(1) x j , j={1,2,3};k={1,2,3,4} and
α∈(0,1 ] , that is 

w j4
(1)

=w j 4
(1)

+α δ 4
(1) x j , j={1,2,3 }

w j3
(1)

=w j 3
(1)

+α δ3
(1) x j , j={1,2,3}

w j2
(1)

=w j 2
(1)

+α δ2
(1) x j , j={1,2,3 }

w j1
(1)

=w j 1
(1)

+α δ1
(1) x j , j={1,2,3}

(17)

A  4×3 matrix of weights of the hidden layer
may be constructed as follows: 

W 1=[
w11

(1) w2 1
(1) w31

(1)

w12
(1) w2 2

(1) w32
(1)

w13
(1) w2 3

(1) w33
(1)

w14
(1) w2 4

(1) w34
(1)] (18)

The  Backpropagation  algorithm: Training  the
NN model of the XOR function is presented in
Table 1. The algorithm processes the following
quantities: The input data to the NN model of
the XOR, the linear and non-linear operations in
forward  propagation,  the  errors  and  delta
functions  in  backpropagation,  and  the
computation of weight matrices of the hidden
and output layers. 

4.  RESULTS  IN  TRAINING  A  NN MODEL  OF
THE XOR FUNCTION

The hidden layer of the NN model of the XOR
classifies  the  inputs  by  identifying  a  specific
feature of the input set [11]. Figure 6 shows how
the four neurons of the hidden layer identify the
four  states  00,  01,  10,  11  of  the  logical  inputs
when the target XOR output is d j , j={1,2,3,4 }.

Table 1: Backpropagation algorithm to train the NN
model of the XOR function [7].

 

The numeric values shown in the output layer
were computed by means of  the  algorithm of
Table 1 for the input  x=0 ,0,1and the target  d1
=0,  which was coded in Matlab language.  The
functions v1

(2) and y1
(2) in the output neuron may

be  verified  manually  using  their  definitions
given in (3) and (2) respectively: 

v 1
(2)

=w11
(2) y1

(1 )
+w 12

(2) y2
(1)

+w13
(2 ) y 3

(1 )
+w14

(2) y4
(1)

y1
(2)=

1

1+e−v1
(2 )=φ

Training  consists  of  improving  the  current
weights of the NN XOR model in each step of
the  algorithm using  the  weights  computed  in
the  step  before.  The  initial  set  of  weights  is
chosen  randomly.  We  may  run  the  algorithm
many  times  to  observe  the  convergence  of
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quantities  such  as  the  output  error.  Figure  7
shows  the  effect  of  the  randomness  of  initial
values of the weights on the convergence of the
output error  e1

(2 )
=(d j− y1

(2 )
)|j=1→0 for three training

tests. 

Figure 6: A numerical test of the NN XOR model. The
neuron 00 of the hidden layer identify the input state
x=0,0,1 by its output y4

(1)
=0.8632, which is greater

than y3
(1) , y2

(1)
 and y1

(1)
. 

Figure 7: Convergence of the output error for three tests
when the input is x=0,0,1 and the desired output is d1=0
and y 1

(2)
=0.0081. Although the initial weights are selected

randomly, the final error e1
(2 )

=(d1− y 1
(2) )→0, that is y 1

(2)→d1
in 10,000 cycles.

Now, let us determine the convergence of one
weight  of  the  output  layer,  w14(2)=– 6.9901 for
example, for the numerical test of the NN XOR
model  reported  in  Figure  6.  The  numerical
behavior of the weight w14

(2) is shown in Figure 8.

5. FUTURE WORKS 

Once  the  fundamental  concepts  of  Deep
Learning  have  been  understood,  like  the
structure  of  a  Deep  NN,  the  basic  functions
performed  by  an  artificial  neuron,  and  the
algorithms that make the NN model learn, the
next  step  is  to  apply  this  technique  in  the
treatment  of  a  variety  of  technological
applications  [12],  [13],  [14].  Some  of  them  are
exposed next:

Figure 8: Convergence of the weight w14
(2 ) of the output

layer to the optimal value – 6.9901. The optimal value of
any weight may be different for each random initial

value. However, the output error converges always to
zero, as it is shown in Figure 7. 

1. An Application of Deep Learning in Character
Recognition: Deep learning provides efficient
and  accurate  result  as  compared  to  other
techniques for character recognition.

2. Deep  Learning  for  Driverless  Vehicles:
Automation is becoming a large component
of  transportation.  A  key  technology  to
develop these vehicles is deep learning.

3. Deep Learning for Brain Computer Interfaces:
Brain  computer  Interfaces  have  set  new
standards in the world of prosthetics,  be it
hearing  aids  or  prosthetic  arms,  legs  or
vision,  helping  paralyzed  users.  Deep
learning  might  serve  as  one  of  the
translation algorithms that converts the raw
signals from the brain into commands that
the output devices follow. 

6. CONCLUSIONS 

We have  explored  a  NN  model  of  the  XOR
function to get a deeper understanding of some
outstanding  concepts  of  Deep  Learning.  We
have examined its structure, functions, and the
algorithms that make the NN model learn. The
structure  of  the  NN  model  includes  mainly
dendrites,  their  weights  and  nucleus  of  each
neuron. We have considered the nature of the
non-linear operation that take place inside the
core  of  the  neuron,  that  is,  the  sigmoid  φ is
used as a forward filter and its derivative φ '  as a
backward symmetric low pass filter. 

The SGD algorithm and the Backpropagation
algorithms were derived and examined. It  was
shown how the forward signals traverse the NN.
We  focused  our  attention  to  follow  the
backpropagation  of  the  output  error  and  the
delta  functions,  which  enable  us  for  the
computation of weights of the NN model of the
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XOR function.  Although just  one hidden  layer
was  treated,  the  analysis  and  algorithms
presented in this work may be extended to deep
neural networks. 

Appendix A

A.1  Derivative  of  the  sigmoid  function: The
sigmoid  function  given  in  (2)  used  as  the
activation  function  in  all  neurons  of  the  NN
model of the XOR is rewritten as follows:

y= 1
1+e−v

=φ

and its derivative is determined next:

φ'=
d
dv
y=

d
dv (

1

1+e
− v )=

d
dv

(1+e−v )
−1

=−1 (1+e
− v)

−2 d
dv

(1+e
−v )

=−(1+e−v )
−2

(0+e−v d
dv

(−v ))
=(1+e

−v )
−1

(1+e
− v )

−1
e

−v
=

1

1+e−v ( e− v

1+e−v )
= y (1+e

−v

1+e−v
−

1

1+e−v )= y (1− y )

(A.1)

A.2 Derivative  of  v  with  respect  to  w1 k
(2) of  the

output  layer:  The  derivative  of  the  linear
function of the output layer given in (3): 

v1
(2)

=w11
(2) y1

(1 )
+w 12

(2) y2
(1)

+…+w14
(2) y4

(1)

with respect to the weights  w 1k
(2) of the output

layer for k={1,2,3,4} is determined next: 

∂ v1
(2)

∂w1k
(2)=

∂

∂w1k
(2) (w11

(2)
y 1

(1)
+…+w1k

(2 )
y k

(1)
+…+w14

(2)
y4

(1 )
)

=0+…
∂

∂w1k
(2 ) (w1k

(2) ) yk
(1 )

…+0= y k
(1)

(A.2)

The graph of the sigmoid function  φ and its
derivative φ '  are shown in Figure A.1. 

Figure A.1: The sigmoid φ and its derivative φ ' .
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